at high frequencies. Therefore, smaller scales tend to apply a thermal stress in the vicinity 32 of the fluid-solid interface while larger scales tend to penetrate deeper in the solid. Re-33 fined analysis actually shows that high stress amplitude events are generally associated with 34 low probability ones (Costa Garrido et al. [5] ), thus making accurate estimation of ther-35 mal fatigue in industrial applications even more challenging as the CFD simulations should 36 provide at least a few minutes of operation in realistic conditions.
37
Analytical studies on conjugate heat transfer in turbulent flows were pioneered by Polyakov
38
[24] and Geshev [13] . The fundamental solutions of the heat equation in the solid domain 39 have a non-compact support. For instance, semi-infinite solids with a flat fluid-solid interface 40 subjected to a statistically steady forcing can be characterized by a compatibility condition 41 at the fluid-solid interface expressed as a spatio-temporal convolution (Flageul et al. [9] ).
42
Such non-local effects are specific to conjugate heat transfer and tend to become negligible 43 only when the thermal properties of the fluid and of the solid differ by orders of magnitude.
44
Numerical studies on conjugate heat transfer in turbulent flows were pioneered by Kasagi 45 et al. [17] and their 2D synthetic turbulence model. The first DNS (Direct Numerical Simu-46 lation) with conjugate heat transfer was a turbulent channel flow, performed by Tiselj et al.
47
[27]. Following those studies, some of the present authors and co-workers performed addi- 
54
To the best of the authors knowledge, the only RANS turbulence model designed to take 55 into account conjugate heat transfer -i.e. able to solve the temperature fluctuations both 56 in the fluid and in the solid -was published by Craft et al. [6] . It is also the only RANS 57 turbulence model designed to correctly handle cases with an imposed heat flux (Mangeon 58 et al. [22] ). However, it was recently shown that the dissipation rate (ε θ ) associated with the 59 halved temperature variance (T 2 /2) is discontinuous at the fluid-solid interface in case of 60 conjugate heat transfer (Flageul et al. [10] ). Although there is currently no coupled RANS 61 model taking this discontinuity in account there is a global agreement that one is needed
62
(Shams et al. [26] ).
63
The background on such turbulence models is given in the paper of Craft et al. configuration.
87
The present paper is divided into five sections. Section 2 presents the governing equa- In this subsection, we omit boundary conditions for the sake of simplicity. Firstly, the 101 conservation of mass in a fluid with a constant density reduces to the incompressibility
where u i and ∂ i are the velocity and the spatial derivative in direction i, respectively.
104
Secondly, the conservation of momentum in the fluid domain is
where ∂ t is the time derivative, ρ the density, P the dynamic pressure, σ i j the deviatoric part 
where ν is the kinematic viscosity, V cell the volume of the computational cell, C w the model 110 constant, S d i j the deviatoric part of the square of ∂ j u i and S i j the mean strain rate tensor. The 111 constant C w is set to 0.25, the default value in Code Saturne.
112
Lastly, the energy conservation equation is in the fluid domain and
in the solid domain with
at the fluid-solid interface. Here, T is the temperature, α the thermal diffusivity, Pr t the 116 turbulent Prandtl number, f T a source term and λ the thermal conductivity. The turbulent
117
Prandtl number is set to 0.5 in the present study (Grötzbach [14] the case considered, as described in Subsection 2.6. Based on previous studies, the present 135 authors estimate that for all the cases considered here and summarized in Tables 1 and 2,   136 the solid domains extension in the wall-normal direction is sufficient so that the boundary 137 condition used at the outer wall has no significant impact on the statistics at the fluid-solid
138
interface.
139
For all the LES considered here, the size of the cells in wall-units in the streamwise and 140 spanwise directions is δ x + = 30 and δ z + = 15, respectively. On both sides of the fluid-solid 141 interfaces, the first cell has an extension in the wall- 
The source term in the energy equation in the fluid domain depends on the instantaneous 157 streamwise velocity and on the instantaneous bulk velocity, as defined by Kasagi et al. [18] .
158
It is a volumetric source term which compensates the heat output at the boundaries, so that 
165
The source terms used allow one to derive a theoretical friction velocity and friction tem- ity ratio -which is also the fluid-to-solid thermal effusivity ratio -is
174
Although we have 3 dimensionless numbers describing the fluid and solid thermal prop-175 erties ratios, only 2 are independent (Tiselj and Cizelj [28] ). The resulting dimensionless equations for the temperature are:
in the fluid domain and
at the fluid-solid interface. The superscript + indicates a conversion into wall-units. Here-180 after, u i , u i , ν t , T , T and their gradients are expressed in wall-units. Thus, for the sake of 181 clarity, the superscript + will be omitted.
182
The thermal activity ratio K does not appear naturally. However, it was the only param-
183
eter in the analytical studies on conjugate heat transfer by Polyakov [24] and Geshev [13] .
184
The following short digression explains the origin of the thermal activity ratio, and briefly 185 discusses the limiting cases of an imposed temperature and an imposed heat flux.
186
We consider a 1D case, and we rescale the space coordinate in the solid domain with 
at the fluid-solid interface. However, if one were to extend this to a 2D or a 3D case, only solid interface, there is a compatibility condition of the form:
with
where T f is the temperature in the spectral space and k x and k z (ω) are the wavenumbers (14) is can also be seen as the ratio of time scales for thermal diffusion in the solid and in the fluid. 
230
If the scalar is not coupled, either its value (Dirichlet boundary condition) or its flux
231
(Neumann boundary condition) is imposed at the fluid boundaries, located at y = ±δ . In case
232
of an imposed value, the temperature is arbitrarily set to zero at the boundary. Such cases will 233 be referred to as isoT . In case of an imposed flux, its value must match the volumetric heat 234 source term imposed in the fluid domain. Such cases will be referred to as isoQ. Obviously,
235
if a scalar is not coupled, it does not correspond to conjugate heat transfer.
236
If the scalar is said to be coupled, it corresponds to the coupling of the fluid and solid boundary condition is imposed on both sides, so symmetry is preserved.
242
Although the solver is fully conservative, tiny sources of error remain. They can accu- All the LES and DNS presented include 2 non-coupled scalars. Those non-coupled scalars coupling of pressurized water and steel. This is further discussed in Section 5. First, we recall the definition of the dissipation rate, which is the quantity pursued in the 284 present paper:
The definition can be applied directly in the solid domain, but not in the fluid one. There,
286
the scalar dissipation rate depends on the subgrid-scale model as follows:
with a vanishing ν t at the wall. The scalar dissipation rate in the fluid is actually obtained 288 with the following combination of terms
As shown in [10], this quantity is discontinuous at the fluid-solid interface, where the 290 ratio of the solid and fluid dissipation rates verify
At this stage, it seems important to stress that the discontinuity of ε θ at the fluid-solid in-
292
terface is a direct consequence of the continuity of the temperature and normal heat flux at 293 this interface, combined with distinct thermal properties on both sides of the interface. In
294
Code Saturne, most of the relevant physical quantities are defined at the center of the cells.
295
However, the fluid-solid interface is located at the faces of the cells and not at their center.
296
In this subsection, we describe the strategy used to extrapolate statistical quantities at the The proposed strategy was designed with a modeller's perspective. Thus, from the LES,
303
we extract quantities a RANS model adapted to conjugate heat transfer could have provided.
304
As those quantities are defined at the cell center, their evaluation at the fluid-solid interface 305 implies an extrapolation. To remain within the framework of unstructured meshes, only cells 306 adjacent to the fluid-solid interface are considered.
307
For the streamwise contribution to ε θ , one can use a first-order Taylor expansion. Com-308 bined with the continuity of temperature and heat flux at the fluid-solid interface, one gets
The two unknowns are b f and b s . The last two equations allow to close and solve the linear 310 system. The situation is exactly the same for the spanwise contribution to ε θ .
311
For the wall-normal contribution to ε θ , the situation is different as there is no compat-312 ibility condition for its derivative. Thus, there is no simple way to close and solve a linear 313 system similar to the previous one. As a workaround, we use the continuity of the one-
314
point correlation between the temperature and its wall-normal derivative at the fluid-solid 315 interface. We define the angle φ with
The numerator and the first term in the denominator can be estimated with T 2 .
317
For the variance of the temperature in the cells adjacent to the fluid-solid interface, 
The two unknowns are a f and a s . The last two equations allow to close and solve the linear 323 system.
324
In this study, cos (φ ) at the fluid-solid interface is approximated with its value at y s .
325
Although one can estimate it with a combination of the values at y f and y s , the authors 
where all quantities are taken at the fluid-solid interface.
336
Once the quantities ∂ i T ∂ i T have been extrapolated on both sides of the fluid-solid in-337 terface, it is straightforward to estimate the dissipation rates. As the extrapolation procedure
338
proposed here relies deeply on the continuity of the temperature and heat flux, equation (20) 339 is automatically satisfied by the reconstructed quantities.
340

Validation against DNS
341
In this section, our wall-resolved LES are validated against existing and new DNS data.
342
Indeed, the coupling strategy has already been verified against analytical solutions. The and ε θ , respectively, for the cases with K = √ 2.
349
In the middle of the channel (y + > 30), the LES compares favourably with the DNS.
350
Closer to the wall (0 < y + < 30), the LES overestimates T 2 . This trend is less visible for 
355
As shown in Table 3 , the LES provides a reasonably good estimation of ε θ at the fluid- respectively.
372
In the middle of the channel (y + > 30), the LES correctly estimates ε θ and tends to 373 underestimate T 2 . Closer to the wall (0 < y + < 30), the LES overestimates T 2 , as observed underestimates ε θ for non-coupled cases, although this trend is more disputable for the isoT 376 one in the viscous sublayer (0 < y + < 5). For the coupled case, the LES provides a good 377 estimation of ε θ , especially in the viscous sublayer and in the solid domain.
378
At Re τ = 395, the relative error on ε θ at the fluid-solid interface for the coupled case 379 is 0.860 %. Compared with the validation case at Re τ = 150, the accuracy is improved by 380 a factor of 10. Thus, the higher the Reynolds number, the more accurate our wall-resolved 381 LES, which is an expected trend. thermal properties ratios G i and K j is denoted as CHT i j .
417 Table 4 Thermal properties ratios investigated in the subsection 5.1. Solid-to-fluid thermal conductivity ratio G 2 . all the coupled scalars were fully developped and statistics could be gathered. They were 424 gathered for a million time steps (around 220.10 3 ν/u 2 τ ). Similar precautions were taken for 425 all the LES in the present paper.
426
The left frame of Figure 7 illustrates the impact of the thermal activity ratio K on the right frame of Figure 7 shows that statistics, in the fluid domain, are mostly driven by the 430 thermal activity ratio K, the impact of the thermal diffusivity ratio G being much weaker.
431
However, deep in the viscous sublayer (y + < 2) and inside the solid, the situation is more 432 complex and the impact of G on T 2 and ε θ is more visible.
433
Those observations based on the profiles of T 2 , also apply on the profiles of ε θ in Figure   434 8. Overall, the present LES results with an extended range of fluid-solid thermal properties On top of those qualitative observations, the large number of combination of fluid-solid 444 thermal properties ratios investigated allow a more quantitative analysis. We look for power-445 law regressions for statistics at the fluid-solid interface as follow:
The latter one, combined with equation (20), allows us to reconstruct the ratio of the scalar 447 dissipation rates at the fluid-solid interface.
448
The main property of equation (25) 
454
In the present study, the parameters C T and C ε θ are derived from the case CHT 44 , which they are simply determined with a linear regression using logarithms: 
where the coefficients a and b are given with their 95 % confidence interval.
463
The right frame of Figure 9 shows that the regression for T 2 produces a high relative 
472
The right frame of Figure 10 shows that the regression for the ratio of ε θ is fairly accurate and K actually correspond to a low G 2 (see Table 4 ), which should correspond to an imposed 479 heat flux boundary condition.
480
Indeed, the analysis proposed here remains qualitative as a better strategy to derive the the wall, and we are looking at cases with fluid-solid thermal coupling.
508
The right frame of Figure 11 shows this impact on ε θ for cases with G = 0.1 and K ≈ 0.2.
509
The case Re τ = 395 and Pr = 0.71 has exactly K = 0.2 while the others have K = 0.23. This 510 is representative of pressurized water and steel, except for the value of G, which should be a 511 decade lower. We limited it to 0.1 to remain within the bounds of validity of the correlation. it might be a distorsion due to the logarithmic ordinate. More quantitatively, we can measure the relative error produced by the regression (29).
517
The cases with G = K = 1 can be discarded as they all lead to a continuity of ε θ at the fluid- and (G, K) = (1, 2). This was one of our validation cases, see Table 3 (the case G = 1 and 
(30)
For the case Re τ = 395 and Pr = 0.71, this is exactly the regression (29). For the other 530 cases, it uses the anisotropy of the fluctuating temperature gradient obtained at
to improve the prediction, while keeping the exponents on G and K as in (29).
532
The relative wall-normal contribution in ε θ at the fluid-solid interface is usually not Hereafter, we assume C ε depends only on Re τ , on Pr, and on three quantities taken at the 536 fluid-solid interface for the conjugate case
Furthermore, we assume a simple power-law relationship between dimensionless quantities.
538
Using the 5 LES performed with K = G = 1 and a least-square regression, we derive the following correlation:
It is potentially a more interesting correlation than (30) because it does not include the 541 relative wall-normal contribution in ε θ . However, the 4 coefficients in C ε were fitted on a set 542 of 5 values, and are thus plagued with a relatively large uncertainty. To be more specific, the 543 small coefficient found on Re τ suggests C ε is not depending on it. The near unity coefficient 544 on Pr is also interesting. However, the narrow range of Pr numbers investigated does not 545 allow any extrapolation and simply suggests that C ε increases when Pr decreases.
546
On this ground, we can build a correlation tailored to the available dataset. First, we 547 discard the dependence on Re τ . Second, we assume a unit coefficient on Pr. This leads to 548 the following correlation
(32)
where the power-law exponent is given with its 95 % confidence interval. Regarding the 550 leading coefficient, the 95% confidence interval is [0.00401; 0.00932]. As a side remark,
551
when ∂ y T f 2 vanishes, C ε also vanishes and the discontinuity scales with K 2 .
552
As shown Table 5 , the correlation (30) performs much better compared to (29). Indeed, satisfying level of accuracy in case of forced convection at a Prandtl number close to unity.
563
We have also proposed a strategy to extrapolate statistics at the fluid-solid interface.
564
As it is, the extrapolation strategy is applicable to wall-resolved LES of statistically steady without such a case at hand, it is dubious to propose solutions. One way to avoid the recon-569 struction would be to collect statistics at the fluid-solid interface during the simulation.
570
A regression for the discontinuity of ε θ at the fluid-solid interface for turbulent chan- 
586
Correlations towards cases at a higher Reynolds number and different Prandtl number, as 587 expressed in equations (30), (31) and (32), are proposed and assessed with additional LES.
588
The strategy is promising but would require more simulations to be thoroughly validated.
589
The authors would like to point out that DNS data at Pr = 0.01 from [28] show encouraging clearly remains the key quantity, both for the proposed correlations and for future models. solve the coupled fields in a fully conservative way.
682
We start with a global mesh containing both the fluid and the solid. Using a given criterion, we split 
